In the celebrated paper [2] (cf. also [3] ) Golod, using results of Golod and Shafarevich [1] , constructed a finitely generated algebra A = K(yi,... ,y¿) over any field K, such that the ideal (= two-sided ideal) generated by yi,... ,y¿ is nil, but dim/<-v4 = oo. This solves a problem of Kurosh [4] . Moreover, when char .if = p > 0, the subgroup G of the group of units of A, generated by 1 + 2/1,..., 1 + y<¡, is an infinite p-group, which solves a problem of Burnside.
The group G appears to be a natural candidate for testing the validity of another finiteness problem, due to Kaplansky [5] : If H is a finitely-generated group, such that the augmentation ideal of the group algebra K[H] is nil, is it true that H is finite? Indeed, it is known that the hypothesis implies that char if = p > 0 and H is a p-group, so that the existence of a Ä"-algebra isomorphism K[G] = A would solve Kaplansky's problem in the negative. The question whether such an isomorphism exists was posed to the author by A. L. Shmel'kin. The main purpose of the present paper is to show that for "most" Golod-Shafarevich groups G, K [G] is not isomorphic to A.
In order to give precise statements, we need some notation. In what follows, K denotes a fixed field of characteristic p > 0, and F = K(xí:..., x<i) is the free associative algebra on the xt's (d > 2); we write F+ for its ideal, consisting of all polynomials without constant term. An ideal / C F+ is called a Golod-Shafarevich ideal if it has the following properties:
(1) / is homogeneous;
(2) d\mK(F/I) = oo; (3) every (d -l)-generated subalgebra of A+ = F+ /l is nilpotent.
THEOREM. Let I be a Golod-Shafarevich ideal, which is generated by homogeneous polynomials fi,f2,---such that /i = (xi -x2)v and deg/¿ > pn + 1 (¿ > 2) for some natural number n. Then the K-algebras k[G] and A = F/I are not isomorphic. To see that such an / does exist, recall from [3] that if / is a homogeneous ideal, generated by r¿ elements in degree ¿, then (2) above holds provided there exists a real positive e > 0 such that
Furthermore, the proof of the theorem in [3] shows that if fi,..., fj are fixed and satisfy (*), then one can find fj+i, fj+2, ■ ■ ■, which satisfy (*), are of degree higher than max(deg /i,... ,deg fj), and such that / has (3).
The Theorem raises the question of measuring the "difference" between K[G] and A. We only note here that this cannot be done in terms of the growth of the algebras [6] . In fact, if A satisfies condition (*), it grows exponentially (this follows from the proof of Lemma 2 in Finally, we note these remarks imply that Golod-Shafarevich groups always grow exponentially which shows they are markedly different from the Grigorchuk counterexamples to the Burnside problem, which can have intermediate growth [7] .
We shall use the following well-known lemma: One has
The claim follows by equating the coefficients of xb.
LEMMA 2. Let a and n be natural numbers. Then
Let a -aoP°+aip-\-\-an-ipn~1+anpn-\-with 0 < a, < p-1. Assume p does not divide (vna_i)-Then by Lemma 1 p does not divide ( "'j) for ¿ = 0,1,..., n -1. Since a¿ < p -1, one necessarily has at -p -1 for these ¿, hence a = pn -1 + anpn + ■■■ , which gives 1 + a = 0 (mod p).
For a word g = g{xi,... ,x¿) in xi,...,Xd we denote by gi the homogeneous polynomial of degree ¿ in the expansion of ^(1 + Xi,... ,1 + Xd). Clearly, gi e GF(p)(xi,...,Xd). LEMMA 4. Let n be a natural number. There is no word g with the following properties:
(1) x\,x2 do not enter in the expansion of gi for i -1,2,... ,pn -1, (2) gP* = {xi -x2)pn, (3) gP" + i is in the ideal on K(xi,... ,x¿) generated by (xi -x2)p .
PROOF. Assume such a g exists, with degXi g -t, degX2 g = s. The monomial x\ occurs in the expansion of g = g{\ + Xi, ---, 1 + Xd) with coefficient (£). Write t = top0 + tip + ■ ■ ■ + tnpn + ■ ■ ■ with 0 < ti < p -1. From (1) and Lemma 1 we have that í¿ = 0 for ¿ = 0,1,... ,n -1, so that t = pnt' it' e N). Similarly one obtains s = pns'.
All homogeneous polynomials of degree pn + 1 which lie in the ideal generated by [xi -x2) (square brackets denote commutators).
Since \{xi -x2)pn,ixi -x2)\ = 0, i.e. [(xi -x2)p",xi] = [{xi -x2)pn,x2\, one gets finally
It is easily seen that this polynomial contains no term x\ x2Xi. By Lemma 3, x\ x2 cannot occur in gpn, which contradicts (2). Let I be an ideal in F+. Denote by Jj the ideal generated by all polynomials in / of the form 1 -g(l + xi,... ,1 + Xd), where g{xi,.. -,xd) ranges over all words.
LEMMA 5. /// is the ideal of the Theorem, then J¡ ^ I.
PROOF. The claim is obvious if <// is not homogeneous. Assume it is. We shall prove /i = (ii -x2)pn £ J¡. Assuming /i € J¡, let /i = ^(1 -u¿(l +xi,...,l + xd)) + J2hiiil -9j{l + xi,...,l + xd))h2j, where Ui{x\,... ,xd) and gjixi,... ,xd) are monomials, 1 -«¿(l+Zi,..., l+xd) e /, 1 -gj{l + xi,... ,1+Xd) el, and h\j or h2j ^ 1. Since I contains no homogeneous elements of degree smaller than p", the minimal degree of all monomials from the second sum is strictly higher than p". Therefore, there is is the first sum a summand, say u = 1 -ui(l + Xi,... ,1 + xd), of a minimal degree p™. Let u = hi + h2 4-■ • • + hpn + hpn + i + ■ ■ ■ with h% a homogeneous polynomial of degree ¿. Since Ji is homogeneous, one necessarily has hi = 0 for ¿ = 1,2,... ,pn -1 and hpn = (zi -x2)p . Also, the hypotheses of the lemma imply hpn+i is in the ideal generated by [xi -x2)v . However, this is a contradiction by Lemma 4.
For an ideal I C F+, let yi denote the image of z¿ under the natural map <p : F -> A = F11 and let z¿ be its image under the natural map tp : F-»ß = F/J¡. Assuming yi is nilpotent in A, it is easily seen that z¿ is nilpotent in B. Denote by G the subgroup of (the group of units of) A, generated by the elements 1 +yi, and by H the subgroup of B, generated by 1 + z¿ (¿ = 1,..., d). PROOF OF THE THEOREM. Let T be a group generated by ti,...,td and isomorphic to the group G of the Theorem. Since the algebra B (with 1) is generated over K by the group H (in the notation introduced before Lemma 6), the map ti -► 1 + Zi extends to a surjective ring homomorphism p: K[T] -» B. We denote by 7T the composition of p and n. This is an epimorphism with 7r(í¿) = 1 + y», and it maps the augmentation ideal u) of K[T] onto A+. Thus for every natural fc, 7r(wfc) = {A+)k, so that one has a surjection tt*: K[T}/ojk -► A/iA+)k.
By Lemma 5, 0 ^ Kerr/, so Ker 7r ^ 0. Choose 0 ^ f E Ker 7r. Since the Golod-Shafarevich groups are residually finite (cf. [2, last line]), one concludes from a result of Mal'tsev [8] that f]°Z1 w1 = 0. Thus, there is a fc such that / £u>k, hence KerTr^ ^ 0.
Assume there exists an isomorphism a: K[T] -► A. For any t E T, 1 -t is nilpotent, hence <r(l -i) € A+, which shows c(w) Q A+. The reverse inclusion is clear. It follows that a induces an isomorphism K[T]/u>k = A/{A+)k for any fc. In particular these vector spaces have the same (finite) dimension. This contradicts Ker ■Kk 7¿ 0, and completes the proof of the Theorem.
I should like to express my thanks to L. L. Avramov for many helpful discussions concerning this problem.
